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ANALYSIS OF SPINNING IN A MONOPLANE WING
BY THR INDUOTION METHOD AS COMPARED WITH TEE STRIP METHOD*

By L. Poggl
INTRODUGTION .

It 1 an establighed fact that the phenomenon of auto-
rotation, which causes the greater percentage of alrplane
crashes can be verified when, the wing being wholly or in
part beyond the stall, the rolling and yawing moments set
up as a result of a rotation about the axis of roll are such
as to foster this rotation which does not occur when the
wing is below the stall,

This manifests the importance which attaches to the
study of forces and moments produced by the rotation of the
alrplans about an axie located in its plane of symmetry.

The problem has been attacked by varlous authors, in
particular by Fuchs and Schmidt who applied the so-called
gtrip method which 18 based upon the assumption that the
forces and moments per unit length acting in each section
of the wing are equal to those on an infinite cylindricel
wing of equal section in an air flow of intensity and direc-
tion resulting from the apparent relative motion of this
section with respect to the surrounding air (reference 1).
In other words they disregarded the induced velocities,
which, however, are of such importance that their omission
is bound to result in appreciable errors. ag we attempt to
prove in this report.

*iCalcolo dell'autorotazione col metodo dell'induxzione in
ala monoplana e confronto col metodo della striscia." Fronm
L!'Asrotecnica, October 1933, pp. 1356-1293. (This paper
was awarded a prige of 3000 lire by the Italian Ressarch
Council.)
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PART I. THEORBTICAL ANALYSIS

Notation

The notation is prefaced by the following explanations:

a) Whenever we refer to a quantity in which the induced
incidence had been omitted, the symbol for the quantity 1s .
over-scored.

b) The subscript , denotes the value of the pertinent
quantity with respect to the wing center.

¢) The signs =x', y', ¥, {!, used in connection with
vector quantities, represent the components along axis =x
parallel with the sero 1ift curve of the wing (constant air-
foll section and constant angle of attack), of axis y at
right angleés to x and to the wing axis, of axis K, par-
allel to the axis of motion and of axis { perpendicular
to it and to the wing axis (figs 1).

L = wing span,

) =-%—g. distance of a section of the wing from the

center (fig. 1),

1 L = wing chord of any section: (1 = nondimensional
coefficient),

VY = resultant velocity,

Q= angular velocity of rotation of the wing,

w = (. ) , ratio of velocity at wing tip with rota-
Vox ) 2

tion 0 to the component V,y of the apparent
velocity at the center of the wing.

Vi = induced velocity.

General Observations and Simplifications

/79fr The study of an airfoil 1in translatory motion and at
12; angle of attack which is bound up with the so-~-called
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* s¥cord~prroblem of a wing of finite span (see Pistolesi,
derodinamica, pp. 250, etc.) is more complicated because:

a) The apparent veloclty 1s not constant at every
point of the wing:

b) The angle-of-attsck range in question is so large
as to make it absolutely inadmissible, even in first ap-
proximation, to consider the 1ift curve as a straight line-
or to substitute for each angle 1ts tangent or sine:

¢) The vortices shed by the wing are helicoldal about
the axis of motion rather than rectilinear.

Aside from these facts, there is the question of va-
11dity of the well-known relation which tlies tho strongth
of the free vortices shed by tho wing to the 1lift diletri-
bution. And the reason for this 1s that this relatlionship
is gonerally dorived from the Kutta Joukowskl and Stoke's
theory on the conservation of the vortex theories the ap-
Plicablility of which does not appear to be admissible with-
out the other,

On the other hand, when we consider the physical phe-
nomenon of the formatlon of the vortices and bear in mind
that 1t reflects the disequilibration caused by the pree-
sure dlfferences on the top and bottom surfaces of the wing
i1n accord with the change of 1ift across the span, it is
soen that Prandtl's method retains its validity even for
the case of stalling, at least 1in approzimation. as 1s con-
ceded in the present report®,

A check of the above should be of interest and could
be readily made in the wing tunnel by méasuring the 1lift
and drag on elliptical wings of varying fineness ratio at
stalling. If this could be verified for such wings, the
difference in fineness ratio should correspond to a differ-
ence (constant across the span) of the apparent angle of
attack, and would be easily computed.

*Tarious English.exporimente (references 2 and 3) demon~
strate the validity of the Kutta Joukowseki theory at stall-
ing provided that, to the extent to which it is computed,
the circulation cancels normally to the wake.
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In view of the foregoing,together with the lack of
more rellable criteria, the nroposed problem 1s treated by
the conventlonal method deduced from Prandtl's theory.

* With thie’ assumption 1t 18 noted that in consequence
of conslderation b) the 1ift and drag coefficlents are no
longer referred to the angle of attack 0, @& transcenden-
tal term of the velocity component, but rather, to 1ts tan-

gent JE denoted with A,
Vx-

In addition, it is noted that in the expression for
the circuletion - instead of comparing the resultant veloc-
ity V, an irrational function of the component of motion-
¥e compaTe its component on axis x, which, at least, when
disregarding the lnduced velocity, can, as component of ax-
ise y, have vot and W, wg as linear functlon of quan-

tity Vox» Voy &nd Wy : Wy or Vyx.
':Theq.we write
I'= l vy 1L P (1)

P being a function of ‘A; ' .

-

which, compared wlth the curreht expression gives alonef

Tl

" cos @

The-unit wing 11ft and the two components on axis x
and y ere: . ,

% VvV lLP

-Lv v, 11p )
Vg Vx 1L (2)
% Ve Vg LLP

Simllarly the drag per unit of wing span and’ its two
comnponents on axis x and ¥y are:
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% VvV 1LR

Vx Vx 1L R (3)

Vy ¥x LL B

op=  p

Honce
Cro
cos @

This obviates the extension in the case in which the
components of this sald reaction along any other two axes

‘are consldered. It 18 noted that, so long as the 1induced

veloclty is disregarded, 1t is:

Vx = Vox (1 - wpd); Ty = Top (Ey + wgh)
' (4)
= _ Ay + Wy £
-5

When the induced velocity 1s taken into account, we
elther chauge V or A. The posslbility of simplifying
the equations makes 1t possible to write the circulation as

' 173 = :
i‘_E[VxP+Vi Pi.] 1l (5)

by comparing the values of V and A relstive to the 1lift.
Py 18 a functlon of A and of the direction of the in-

duced veloclty Vy.
 Lastly, to insure & real adventage, the coefflcients
P end R ehould be expressed 1n simple manner by means of
the variable A.
Then we have

2 .
P=Ay A+ Az A + 4, A° + By A® + Hy 43+ . . . . (8)

R=3B, + B, A+ 3B, A® + . ., ., (7)
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Obviously the value of the above coefficients must be
computed step by step on the basls of the P and R curves.
(As to thelr order of magnitude, the reader is referred to
the numerical example.)

Rogarding item c), 1t ie admitted that the free vorti-
ces coil around the axlie of motion, as is rigorously ob-
sarved when colncident with the axls of rotation. The re-
sults in appendix 1 then permit the sudbstitution of recti-
linear for helical vortices starting from the ssme point of
the wing and tangent to the corresponding helical vortices.

" Determinatlon of the Induced Velocity of the

System of Free Vortices

To begin with, it is sdmltted that, in spite of the
high anglee of sttack the usual method of calceculation can
be appiled %to the 1nduced anzles of attack, and epecifl-
cally that, at each point of the wing, they release & vor-
tex of intensity egqual to the derivative in that point of
the adhoring vorticlty and that is of the circulation.

Then, with vy and vyr es tne induced veloclty
components along axis of motion K and along axis ¢ at
right snglee to it and of the axls of the wing, the approx-
imation gives

hg!
&b
d
1 L72 -1
d v = sin (tan W, g 8
a I
1 L/2
d = o ——— tan~1) (wk ¢ 9
vig 4n£-E'c°s( )(wk §) (9)
f = reduced abscissa at the point in which the induced
draz can be determined, and §¢' = that at the point where

the vortex 1s released.*

*Fote: Q

o - n _ 8
K7 Vor 2 v

L
2

o
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Now we can write*

- - =l -

cos X (fan" )X x = 1 - 6.1 x - 0.02 X x=
(10)
Ein X (ten™?)X x = 1.056 X.x ~ 0.35 X x3

which, expressed by a multiplicative coefficlent, become

ar ' .
pogr (8 87+ g 4 0) =
ae=+bg+cJ (11)
LI
4 4
By integrating (11) relative to £' we obtain - when
coasldering that the clirculation about the wing tips 1s

certainly =zera, otherwise we should have concentric vorti-
ces at these polnts -:

=-d1"[;5.'+(a§+'b)+

arlT
N 1
Yig = = Zl—TT— L(1.05 E wK - 0.35 Ea wK2U11E} E' zdg' d E' -
1
1 a et
- 0.85 @g3 /" —-;—- T
arl
[ Ly
V,, = —= (L - 0.1¢ 0.20 Pu’k) f1 —— 23— ¢
i¢ - Zf; L T W= e w K {1 tE - ei dgn-

- —]
ag
- 0.200® g2 21

J

*Note the comparlison betwsen the values of (10) and the
effective values of the particulaer functlions in the appen-
dix.
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or for (10)
al
Vi = Zl;-sin (tan™ ) (wy E)f;t r i 7 2/:' a g -
1 -—E—— d EJ
- 0,35 wnﬂf_l_lz__ 1 J
ar
i . l L-
1 - 1 1 2
Vet =TT [ﬁos tan™" (wg 8/_, P pag a g -

o

r <
- 0.20 wnaf:,_-%— L | (12)

and vhich ia, with exception of the terms contelining

1
J. ' & ¢ whick usuz2lly are much smsller, precisely the

resultant 1nduced vclocities obtalned when the vortex fil-
aments aro parallsl to that leaving at tho particular point.
Consequently they are perpendicular to the direction of the
velocity in that point and thelr magnitude will be that of
a system of coplanar vortices of 1dentical strength.

Analysis of Circulation Distribution

1
We begin with the terms containing [HLP d ¢'. By

substituting the vector sum Fo' for the apparent velocity
of thc center of pressure V, the circulation dilstridbution

can be computed when taking 7;' as the apparent velocity

and consldering for the induced velocity only the first
terms occurring in the second term of (12), which corre-
sponds to. the induced veloclty when *the vortices are co-
Plener to that shed at the particular point,
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On the basis of the defined distribution we can deter-
mine [;'P"d. f! "and thus arrive at the apparent veéloclty

vol

The objectionable feature of this procedure lies in
the difficulty of following the cslculatlion bassd upon a
sufficlently established apparent veloclty, whiech has no
other interest  wvhen we wigh to pursue the calculations of
the entire angle of attack range.

1
The term J; I' @ §' 1e mor tractable with the strip
method, so that 79 can be determined when the velocity

V U Y known., Thig method 1nvolves no appreciable error.

as the terms are generally gulite small in comparison with
the remainier of (12).

Putting V;' instead of F; re cen determine the in-
duced veloclitlies on the basls of the abstracted termas with

1
Jo, I' 4 g'. The following figures always refer to a ve-
locity at tke center of the wing egual to Vo'. However,

for the sake of brevity we write V..
gmallneas of the terms enables us to differentlate between
the two quantities, anl we retaln the notation v; to in-

dicate the part of the nertinent induvced veloclty.

Then even the

Aa to the stetement about tkre rectangﬁlarity of the
induced velocity to the apparent velocity V, the induced

v
angle of attack results in 1% and the effective velocity

will practically be equal in magnitude to the appsrent ve-
locity, hence the increment due to them in the clrculatlon

will be lv d pe
d o

Compared with (5) it is

Pil = E_Eﬂf (13)

i a

which serves to calculate functlon Pi'

Now we write into (5) the v alue of the induced veloc-
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ity derived from the preceding consideratione, so that:

Bk (Tox (-0, 1) PL 4R v
. ' al 1 (14)
PfsE i
1 S SRS we Uy T
=3 Vox | (1 -wy §) P1 - ¢ Vox i

. The result is an integral equation which can be treat-
~ed with the method perfectly analogous to that employed in
the resolution of the M"second problem on wings of finite

span® clted above.

' Tor example, when Glauert's method (described in de-
tail in Pistolesi's treatise) which ig particularly ap-
propriate, 1s used, we can put:

. -
'T'= ¥, L Zap ein n 6 (15)

whereby: _ .
cos O=¢§ (16)

Then we have (see zbove):

a L
< A gl 1
4 -1 - L - @

B~ g ag'd 28in 6 1

and (14) becomes

T
VoxL

o
Eau gln n 0 =

Pi' 7- @
Pl - W, cos ) P1l - 5o D § n a, sin n ?]

It
o

or:
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Pg'. 1 n
4 sin 0

] = % PLlL(1- w; cos B) (18)

m - = e— - am
Z i 1
" an sln n | [ + ¥y

Note: Incldentally 1t will be seen that this integral
equation 1s substantlally the same and gives therefore the
same values for the circulation as that relative to the )
"second problem”" for a wing of finite span moving with uni-
form forward spoed V, and for which the 1ift coefficlent
will be proportional to the total effective angle of attack
(apparent Y, and induced <Y;) according to the ratio of

proportionality A. The chord ¢ and the apparent angle
of attack Wo are defined from

c = L Psll
L A 1
To = g—ﬂl - wy cos 6)

Py

Thue it is apparent that the varlation of the deriva-
tive of the 1ift curve corresponds to a congruent change in
apparent angle of atteck and wing chord.

The induced velocity then wlll be:

<o

-V N

v = -_.——Q;—.Zn & sin n 9 (19)
1 2 8in @ 1

Determination of Coefficlents 8y

Bouation (18) being satisfied for sll pointe of the
axles of the wing exactly defines the infinlte coefflicients
a,. Thelr determination requires in general the resolution

of a system of infinlte equations obtained opportunely by
checking (18) for an infinite number of points on the wing
axls. .

In practice, since the coefficlente a, - being relat-

ed to a development 1ln Fourler serlies - approach zero when
n = infinlte, and usually are small enough to be negligible,
when starting from n = 6 to 8, we can confine ourselves to
the first terms of the development.



12 N.A.C.A. Technical Memorandum No. 747

If they are m in number the rslativs m coefficients
can be obtained in two ways: .

-
-

The firet, whichhas the advantage of not requiring an
anelytical term of the curve of coefficient P and P

simply consists in prescribing that (18) be complied with
at m polnte of the wing axis (obviounely the tips must also
be identically satisfied) woll chosen.

- The second method, which we prefer, has the srsat ad-
ventage of giving I' and . (circulation with or without
considering the induction effect) in the samé analytical .
form, and which, lending 1tself readily for comparison of
both cases, is a natural extenslion of Munk's method for the
elliptical wing at low angle of attack.

It requires the development of

th(l - U&,cose) Pl

Pil'l, :
4 sin ©

In Pourier series, to wit:

- l. _ -— _m_
5 (1 Wy cos 6) P 1 = § e 8inn O (20)
—————— =%t cos n O 21
4 sin O 1 B (21)

The first term of (18) can, as we Xnow, be expressed
with

(= -]
% k, sin n 6
wherein k_, is a linear function of a,.
‘- ' To comply with (1B) it is:- . - T r ol

kn = oy
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The result 18 a system of infinite equations of infi-

' “ﬁ&te dnknown values a,. - Then, if -the .development contains

only a limited number of terms (say, two or three), the
prodlem 1s markedly slmplifled, with the result that a num-
ber of coefficlents cancel :

Note: In the above treatment 1t was tacitly assumed
that the increment of the lift coofflcient was in every
point proportional to the induced angle of attack. ¥ow,
g8ince the induced angles of attack can assume, as we Iknow, ap-
preclable values, this simplification consisting in final
analysis, in substituting at each point of the 1ift curve
the tangent of this curve, can involve conslderable errors.
Although we were not concerned with this as we did not wish
to complicate our problem too much, it nevertheless should
be interesting, even for the effects on other probdlems, to
8ee how to obtain a closer approximation.

We have: V = velocity, a, = apparent angle of attack

- w—
I'=L 17V Cp =V L Z e, 8in n 6
1

the value of the circulation in a certaln approximation (for
example by strip method) ;

- - Vv -
V1= Za1in © g n ap 8in n 6

the corresponding value of the induced veloclty by the same
approximation;

'=.7V Za, sin n 6

the effective value of the circulation;

-V @ 6
V, = =—r————m— n an s8in n
i 2 sin O § o

the effective value of the induced veloclty.

.¥e write
L = = .4 0p (T3 - ¥31)
==7 X ein n 9=={ + S %p 34 = 2
T y %o % * 33 - }7'7
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This -equation ig similar to (14), dut the incremental. terms
and the quantity are much reduced, hernce the approximation
is better. )

Induced Velocity*

Equation (19) ylelds:
Wk cos 6

vik = vy sin(tan™3)
T l - wc cos §
%1 cos(tan™?) W cog 9

. ) 1 - wC cos O

vic

which may be written in the form of:

va [v-]
v = 2l 1
ik 2 gin 6 ;2 sin n ©
Vox =)

v = e————e— $ o 8in n O
1C 2 8iln 6 1 n

The b, 8and ¢, values are easlly computed, when

boaring in mind (12) as functions of the coefficlients ay
(see Part II),

Similar terms are obtained for the induced velocitles
projected on axis x and Y.

Forces snd Momeénts on the Wing

a) Forces and Moments Due to Lift.

Firet we abstract the induced veloclities. Based upon
(15) the circulation is then expressed as

T = vox L X2, ein n 0@

*Contrary to the general rule the induced velocities are fig-
ured positive according to the posltive direction of the cor-
responding axis. )
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The force components along axis k¥ and { dune to the
"11ft per unlt length of the wing are:

o

Pg=-9p/J I,-V_cf" dg == PVOI%I W COB 0 sinb a 9W
. -3 )
4 L3 T o . .
=--p°x2 waOEEnainnOcosGsinGde
H
Pp=p/y Vilds = P Vo L-fo [c“ — = wpcos e]runeae  (22)
- o
3
_V—_Q_xalla r 1 mTe .
=P = lcosaofo;i.!a.nsinnesin 646 -
L
T
- 'é'ii'.a.nainn 8 cos O sin 6 46
J
and the moment components are:
¥ 12 [w )
-— Vox2 ©
MPC = -p{*_,_ Vgr'dz = —9—214—— [—Ef Zan sin nesinzecosedé]
2
L
2 - - v EL
upK =p:/_'L, k ['zdz =p o: Loiaof 023 an 8in nbBcosOsinbib- (23)
p .
Wy Mo
- -égfo %En gin n 6 sin 2 € cos O d 9]
4
and 1is -
T for n ¥ 1 T
fo gin n 6 sin 64 6 =
for n =1
> (24)

W for |n-m|¢1
fo gin mOein n © cos 0 4 6

 for |n - m] =

Lo O'NIZI (o)
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we finally arrive at

_ 5 . S
fpu = u =-cos® Qo EEA %f : P
Lps T,
' 5 w
144 1 — 2 2 |cos a4 2
2 P8 Vo
>~ (35)
—o L Hpg: 083 m%xm" [a, + &3]
ch ) % P.Fossqa © %o 4 2 t 3
Hpk ¥z 22 Of = -
= B = 2 a =\ Y = a. +
%K %_ P Voa ET cos 0 4 {cos_o:o 2 L 1 aaj}J

‘when taking into account tkat 1 can be replaced by Jg A
(S = area,” ) = aspezt ratio) and introducing the force and
moment coefficlents.

The induction due to (22) can be allowed for by sub-
stituting a, for 4&,, likewlse V,y W cos © and

1 ,
Vox ;;;—E; - w; cos G) can bo replaced by tho moro com-
plete equations
[--]
- ( 2 c, sin n 6
Vox\“k cos 8 4 & )
2 8in €
v ( —— - W), Z >
ox con o ¢ cos + 5—;%;—€ Z b, 8in n ©
Then we have -
m A S
fPK_..cog aoz[é-wnaa+%-ﬂanc;]
- (27)
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and again

- . q B . ® . ) - A
LT " cosﬂao EZA' ail:% we(a, + a;) + % E"(a’n Cn41t Cp 8n+1s]

mgK = cosBq, L —)\A —_—B - 1- “’C(a:. + ag) +
co8s Qg

19 .
+ 5%‘% Cnpy * Cp Bnyy)

Analogously, the comparison of (27) with (25) gives the in-
duction effect:

. N _
fpg'fp§=‘ cosaao%—[%mn (ag - &) +%?Bn cz:_]

- _ - T )»EA* - El_ 1 = 1m
pr - fP; = cos ag 3 [cos ™ 5 w;(aa - ag) + 2§ mbn]
for the moments.

It will be observed that the terms containing the dif-
ference a; - a; denote the effect of the change in circu-

(28)

lation, whereas the terms contalning 'bn and ¢ represent

n

the effect - for equal circulation - of the directional
change of the velocity.

b) Forces and Moments Due to Drag

On the basis of (3) we have:

g vy 2
agt=%pvu Vox (1-wy-ﬁ+%—— -%‘—adt
: ox
2
anc=§-pvkvox(1-us,£+%-— = Rat
ox
Putting

v (-

l-(l-wyﬁ+:—i— =23 d, sin n 0

2 . 1 B
Vox
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we silmlilarly derive:

i A .
frk = cosa ao Trz [ dl

™Al
re cos2 (g 5 [2 K da
d
m.¥a 2
Dpp = cos?® a M [ .
co8 Qg
w3 1
My, = coe® a, Z?\ /3 [5 wn(dl

\

1 12
-2 m£d3+; § a, 'bn]

1 -]
+ 5 § dn cn:l

(29)

-1 wplda +d5) +

2

1 (-]
+ 5 Z(dy dpyy + dnya ba)

1 [+~

-

We omit the terms of the corresaponding cooefficlents

for the case of negligible

induced velocities since this 1isg

easlly deduced from the above formulas.

T How let us note how by

moment coefficlents with re
directly establisehed, which
tation about azxis x, may m
able.

¥o have with simple developments: N

T A

— 2 I lm l‘E
fpx = = cos Qo 3 o & T35 ¥xey; + 5L ey cy

fpy = cos® ag T ;1 - % Wy
b

Doy = —cosaao% Ké

mpz = cosaao Ehya ag" gwy (

Naturally b, and c,
the new axes, The total fo

- (o]
Aoa,+ %Wz(aﬁ a8y + %f (apcp+1 + °naﬂ+1j

a 8lmiltar method the force and

spect to axls x .and ¥y can be
in speclal cases, such as of ro-
ake the calculations more tract-

—'

[~]

1m
la+-5§anb

(30)

a,+ ag) + é% (a,bniy + bnan+1ﬂ

J
must be computed with respect to
rce and moment coefficients are

obtalned by adding tho moments due to I1ft and those duo to

d.rag.
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PART II, NUMBRICAL APPLICATION

The mathematical interpretation of the effect of the
induced velocities on the moments acting on the wing con-
sists 1n applying the results of the preceding analysis to
the determination of the rolling and yaswing moments of an
elliptical wing of aspect ratio 6. This determination ex-

-tends to various values of mean angle of attack and speed.

6f rotatlioh for both included and disregarded 1induvced ve-
looity.

The results of these calculations being glven olse-
whoere, wo give Lere only a brief summary of the analytical
method employed in the Aetermination of the various perti-
nent guantities.

Characteristic- Wing Curves

The wing characteristics are defined on the baseis of
the curve of the 1ift P and drag R coefficlents 1in
terms of varladble A = tan a by moans of the following
equations (empirically stable in following tho coursec of
the corrosponding experimontal veluos relative to the win
taken into consideration in the work of Fuchs and Schmidt®

P=5,756A- 0,556 A2~ 17.560 A® + 13,90 A* (1)
R=0,05 + 1.1 A4 (2%)

These curves are illustrated in figure 2, while figure-
3 gives the corresponding curves for the coefficients
and Cp (with conventional notation) in comparison with the
above experimental figures,

4s previously pointed out, the intersection of P and
R with Gp and O, 1is directly glven from
P R _1

cp Cr cos Q@

a = abseoluto angle of attack

*Aps a matter of fact, this work treats the values of and
Cr for a finlte aspect ratio. However, we are not concerned
with thls except as to the tremd of the curve which at least
at high angles of attack slightly varies wlth the aspect ra-
tlo.
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'l': 2 red der R . . .o

Flgure 2 gives only the curve of the Py' values,
readlly obtalnable from..

a6y 1 ap '
Py! ——-a:%p-— —5§—En-fPrsina.

-
Sy

e Dotermination- of an

According to the :explanation, the coefficien% ap are
factore of the development of . caa,

__%(l-u{ycose)il
in Fourior aeriqsf

or, for the elliptical wing, of

£ (1 - wy cos 6) P sin @
This .development 18 readlly effected when Wy =0, In

the opposito case i1t 18 more expodlent to expross tho vari-
able i

_=A.° +“’! cos @
1--my cos 9
in tho form of IB +(g£
wx w?
- & 4+

Then we substitute (1') for P which, written in (3),

gives
- p— LL :
) e, 8in n6 = [4, + rx co'ae] [‘Lo + 1 _Amy cos O
2 3
+ s B, coe )% + (1 -w g cos ngj siz O

vhere the coefficients: A4, 4,, 4;, are eimply functions
of the mean anglae of attack (pr"what ig the same, of 1its
W ' . '
tangent &) ‘afid of ratio F=. . Co
. . ) y . v . .
Thus "the problém narrows' down to the deveiopment of

J
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sin O
1 - w, cos 6

(1 - Wy cos 6)2

8in 0
(1 - wy cos 6)®

in Fourier wseries, which 18 easlly effected.

Pi'l

Approximate Evaluatlion 0f ———eeea
4 gin 6

In the particular case of the elliptical wing, this
becomes

Pyl
mA

The exact evaluation of this term involves consider-
able complicatione in the calculatlionas,at least, when we
wish to apply the method of calculatlion indicated in Part
I, and which is followed in the presont example.

As othorwise the torm ltself 18 relatively small with
rospoct to unity, it 1s added in tho first torm of (18) so
ag to give 1t a suffliclently approximate evaluation. Thils
may be done as in thisg particular case by constracting
graphically by polats the curve giving this term as func-
tion of tha variable Q.

This accomplished, the curve 1s assimilated to e par-
abdla after which the said term 1s readily put in the follow-
ing form:

1—1-x-= t°+t1 00'9 +t8 cos 2 9
Calculation of an

With due regard to the preceding approximate term, we
can write
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. . .
.- o -
1.7 ..

-

® . nl f] -
& 8y 8in nb |1 + PRy P

[}1 (1 + ty5) - %_31 t, +a,t, += a, t%]sin 0 +

(s

)

+ [a.a (L + 2 %) + §t1a3 + 2 34t3+'}2;a1t1:]51n 20 + ....
With (16) in mind, (18) gives:

ta 3

2 =&
1 3 -
3 t.a,t (1 + 2t5)8+ - t,a; + 2 toa, = &, (3')
1 ) b =
§t2a1+tla.3+(1+3t° 33""3*'134."‘513335—&3

and for the following terms in general:

n-2 n + 1

2

t, ap—y + (1 + 1 t5) &y +

n+ 1 n+ 2
Tt ent, + 75— taanys =8y (3M)

If the consideration is limited to the first m terms
by assuming the others to be negligible, it results in a
system of m equations of m wunknown a, a, cere.B .

This csn be resolved, for example, by a method of pro-
gressive approximations the first of which may be obtalned
by assuming all terms of the principal determinant to be
gero, excepting those of its principal dlagonal which ueual-
1y have much higher coefficients than the other terms. Then
the thus obteined valuos may be put in the torms first as-
sumed as zero, consldering them now as shown, which ylelds
a second approximation. The procedure can be repeated to
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obtaln varlous progressive approximations. Ian the case,
however, where ¢ with lndex greater than 1 18 sgero it
13 more expedient to use tho conventional method of resolu-
tion by substitution.

Calculation of Factors 'bn and Cn

These coefflicients are the results of the development
of

- w
sin (tan™ %) (1 -szoc:os 6) n a, sin n 6

-1 Wk cos
cos (tan )(1 T o; cos e)?n ap 8in n O

By expressing - We _co8 ©_ 11 the approximate form
1l - Wt cos

Wk cos O + wg w cos® 0 and introducing equation (10) while

disregarding the terms with cos 6 at powers higher than
two, wo can write

-1 Wk cos O . 2
ein (tan ~) I~ w6, oos 5 h, cos 6 + hycos®6

cos (tan *) g _cos @

6
-G, cos 5 1 + k,cos 6+ k; cod®

where h and k are coastants which are easlily computed.

Then we have

(3 +

1
c3=5k13.1+a(1+%ﬂ->32+§k1a3+k3q

lhlb‘

.' t ke, +2K a,

and in general:




A < |
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L} .

i odg n—-—g_'kaan—s"' ;1k1an_1+n(1+—>an+

L ~
- .,

n + 1 n 4+ 2
+ T kla'n_-l-:_ +

R L TP

b can be obtained in the same manner dy substituting

-k for h and deleting the -terms 1  within [ ](which can
be called k, = 1, while h, = 0). :

It should be noted that the above method can be extend-
ed to 1nclude the case where the directions in which the in-
duced veloclties are to be determined may be other than axis
K or §{, and the particuler case when in direction of axis
x and y.

Coofficients 4 and 4

- 1 .

The d coofficients cqn be determined in the same
manner as the a coefficlents. Now, however, the results
are much more simplified becasue of the smaller number of
terms in the R wequatlion compared to that.for P.

The 4 coefficlents can be defined 1n the same way dy
any approximation consldering only the first two-terms of
the serlies development of the i1nduced angles of attack so
that the effective velocities can still be assumed as being
linear.

In this manner it 1s shown that practically any part
included in formulas (25), (27), (28), and (29), can be cal-
culated, which give the -forces and momente along axis K
and ¢ or along x and y, It may be found oxpedient to
-use the one or the other according to whether the .calcula-
tions insure simpler results with one than with the other.
To 1llustrate: Af W, = 0, 1t is preferable to use the sec-
ond, if w; = 0, to use the first, ITrom the results of the
first, we can readily chango to those of tho second by a
simple change of axes.

Numerical Calculation

Case 1.- X, = 0.6, rotation about axis Kk, which -
g€ilves:
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. W1
.t _@; j;'
W, = 0,0833
: W, = 0,1666
| we = 0.2600

Cage 2.~ I; = 0.6, rotation about axis =x(wy = 0)*

Wy = 0.10 '

Wy = 0,20
w, = 0,30

3e= Ao = 0.3, axis of rotation and angular ve-

locity.

The above theory 1s, strictly speaking, applicable only
to the first case, since, in other cases, 1t does not satis-
fy the asystem of vortices leaving the wing under the assumed
conditionse, 1.e., helical vortices about the axis or rota-
tion. However, 1t seemed advisable to effect the calcula-
tions for these casas also, B0 as to obtain some 1dea of the
degree of influence of the induced angle of attack when the
rotation 1s other than about the axis of motlion.

The followlng tables show the results ocbtained in case
1, while figures 4, 5, and 6, glve tho curves of the moment
coefficients for the three cases., It will be noted that,
for case 1, these coefficlents are plotted against axisg K
and {, and for cases ‘2 and 3, against axis x and Y.
This may seem inconsistent, but it actually 1s not so, when
it 18 observed that, 1n this manner, the moments about the
axls of rotation and the rectangular axis to that of ‘tho
wing are considered. It affords a better characteriszation
of the wing reactlion te the rotation. The curves and tables
show for oach case the influence of the induced angle of at-
tack to be appreclable. It 1s interesting them to note how

*It 18 easlly seen that the two cases of speed or rotation,
in the first and second cases, approximately correspond to
the same ratio between the resultant speed of rotation and
veloclty V,x.
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the results of this effect in contrast to that which a pri-
orl conslderations would locad us to expect. Take, for ex-
ample, the case A, = 0,3. Here we may be 1lnduced to con-
sider the 1ift curve as being stralght and to apply the
methods which other authors employed from such hypotheses.

The result would be a decreased effect in induced an-
€le of attack with a diminished rolling moment, contrary to
that shown in figure 5., The fact 18 explained by observing
that, while in the case of absolutely stralght 1ift curve
the -first term (constant) of the development of the induced
veloclty in Fourler serles results in a lower 1lift coeffi-
clent constant over the whole wing and consequently producoes
no rolling moment unless the curve is rigorously straight,
but has, as in the case in question, a derivative less than
the high angle of attack values; sald decrease 1s leas for
the lowered wing, and produces a rolling moment of the same
slign as that obtalned by the strip method,

For correct interpretation of the resgults hereinafter
it is specified that the moments oppoped to rotation are
asgumed-to be popglitive, l.e., in inverse direction of posi-

tive rotation.

The data 1n tables II and III may also appear complica-
ted at first glance. This 18 due, especlally with regerd
to the rolling moments, to the fact that the induced angle
of attack has a maried influence, and which lncreases as
the momeni increases when assuming the value 0.260, How-
ever, we note that this is due to the fact that the rolling
moment is the algedbralc sum of two quantities, lift and
drag, which, in this case, are of opposite sign and rather

.high value and such that, while ome (1ift quota)- increases

in absolute value a8 inductlon effect, the other decreases,
In any case, the increment of the two terms is still note-
worthy, even i1f taken separately. For example, the first

increases by about 48 percent. An explanation of this fact

18 seen in the analysis of the equation system (18) which
* gives the coefficients &, 1in terms of a,. From this,
"bearing in mind that coefficient t; assumes high valies

(about 0,133 in this case) as can be seen from the consider-
atlons of the curve of the P3'! coefficlents, it appears,
for example, that &g, 8lnce 1t has no effect on coeffi-
cients f and m, may have a profound effect on the coef-
ficlents =a,, 83, 83, and consegquently on coefficients

m and f,
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The adbove increase of the coefficleonts soems poerfectly
natural when coordinated with othor rescarch data odtainod
by strip method, ZFrom this (soo, for example, fig. 29,
Luftfahrtforschung, February 1929) it appears as a small
angle of attack ochange which may be due to.the induced ve-
locity ralsed by changes in moment coefficionts of the or=
der of those found,

As for the rate of rotation in the pertinent field,
there are no appreciable values at which the rolling moment
cancels, corresponding -~ that is, except as indicated -~ to
the case of simple autorotation, at least, in cases of ro-
tation about the axis of motlon or about axis x, and for
an angle of attack in the median plane corresponding to.

A = 0,6, we may deduce by extrapolation of the computed
curves that thls occurs at much higher rate of rotation than
i1s obtained with the strip method.

The exact calculation of such rates of autorotation,
which may be useful for exparimontal verification (modol in
wind tunnel mounted free to rotate about 1ts axis of motion)
was onltted here, simply because there are corresponding
maximum values of the angle of attack greater than those at
which the expoerimental curves of the wing coefficlents are
sensibly coincident with those given by the analytical ex-
pPressions ussd for the calculation.

This, naturally, does not minimize the generalizatilon
of the procedure, because it is always posslble to glve an-
alytical exprossions with greater number of terms, which
would coinclide over a greator rango of angle of attack with
tho oxporimontal onos, or olsec because the analytlical trans-
lation of thoe exporimontal ocurves 1ls not an ossential char-
actorlietic of theo method. :

However, 1t was not deemed neceesary to effact ulterior
calculations on the basis of the above modifications in or-
der to determine tho rato of zoro momont, because if we sep-
arate the experimental verification from the above applicae’
tion they have not the great importance which they are sup-
pPosed to have, they would not rigorously correspond to the
_ true condlitlions of autorotatlion, for which, besldes nulllfy-
ing the rolling moments, 1t also requires the concurrent
cancelling of the yawlng moments, This, as may be readlly
proved, does not occur in tho conditlione of flight under
consideration, whereln the path of the centser of gravity is
maintained in the plane of symmetry of the alirplane. The
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rate of autorotation requires in general the consideration
of a rate of yaw, which complicates the problem to such an
oxtont.as to.mako it almost intractable.
TABLE I.
Principal Coofficlonts for the Determination

of the Torces and Moments on a Wing

Case: Rotation about Axis of Motion A = 0.6

we | 0.083333 | 0.16666 0.260
- 0.0666 0.0673 | + 0.0679
ag - 0.0066 - 0.0126 - 0.0116
as - 0.0001 - 0,0005 0.000
By 0.0010 0.0291 0.1382
a, 0.0477 0.0486 0.0504
a, 0.0113 0.0227 0.0352
d, 0.0006 0.0016 0.0251
a, 0.0784 0.0715 0.0772
ag | - 0.0084 | -..0.0488 | - 0.0178
e | - 0.0123 | - 0.0227 | - 0.0067

. a. | + 0.0021 | + 0.00156 0.0206
a, 0.0477 0.0441 0.0476
dy 0.0113 0.0269 0.0391
dq 0.0004 0.0018 0.0414
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TABLE 11
Moment Ooefficients mk end .El S
(Induced Veloelty Disrogarded)
W, 0.8333 0.16686 0.260
a) Moment coefficiont My
(rolling moment)
Lift component . . . . .|~ 0.0320 - 0.0620 - 00,0680
Drag component . . . . .|+ 0,0098 + 0.0206 + 0,0356
Total '] . [ . . - 010222 - 0-0414 - 0-0224
b) Moment coefficient EC
(yawing moment)
Lift component . . . ., . ]~ 0.0136 - 0.0278 - 0.0434
Drag component . . . . .|+ 0.0669 + 0.1130 + 0.1740
Total . . . . . 00,0423 0.0832 0.1386
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TABLE III
Moment Coefficients mg and m¢
(Induced Velocity Included)
WK 0.8333 0.1666 0.260
a) Moment coefficlent m
Lift component . . . . .|- 0.0410 - 0.07156 - 0.,0859
Drag component . . . . . 0.0086 0.0176 0.0305
Total - . . . o ]™ 000324 L 010539 Ld 010554
b) Moment coefficient mp
Lift component . . . . .= 0.0183 - 0.0354 - 00,0505
Drag component . . . . . 0.0656 0.1276 0.1932
Totﬂ.l . ™ » . . - 010473 - 0-0922 - 0-1427
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APFRENDIX
f; caiculation of Induced Velocitlies of a Vortex Filament
Coilled 8pirally Around an Axis

We refer to the notation given in figure 7 and con-
fine ourselves to the determination of the velocities TVy'

Vo' 1induced at points of axis X parallel to axis Y
end Z,

Consider a vortex filament of strength I' which
leaves at a point on abscissa r of the same axis. ULet
Vo, be its rate of advance in direction of axis Z and Q

1te rate of rotation sbout the game axis. Then the vortex

2T %’- and the inclination

filament has a pitch of P

of 1ts tangent on 2Z 1is %L o
o
Then we have at a point of eabscissa =r! '(Pistolesi,
Aerodinamica, p. 472):

v ! = -E— r f: N‘q;[r - r!' cos 6]a O
4 17

(1)

r
vyl = e %? f: N '2 [r - r cos 6 - r 0 sinf] 46

with 2

N=1r3 +r'a «2rr!'cos b + %%— 6®
'By putting N 1n the form of
-
(r-r')3+(%ﬂ-) e‘+2rr' (1 - cos 8)

‘ e
we can write

n‘ag = 1 - 2 rr'(Q - cos 8)

[‘“ "’“+(%3>2°"‘]%. 2 [‘r-rw - (R ]B/
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in close approximation®.

This expression written in (1) affords:

r (r - r?) a6

v | = w——p

a 4 [(r_rl) +( )92 /a

¥ orr/ (1 = c08 ) ae =
o Er ey +( %)392]3/3

-}

- v J
Srr Jo

(1L - cos B)(r = r! coaﬁ)
oo (o] T
(r' - r) 46

[(r - r1)? 4 (%2 i ea]a/

+rf°°1—cose-esin6‘ _

[(r _ r')a +{\,_'vng>gea]5/a

vl o= A
t

4 1

@] |°<|

I
o

IJ-(l—cosB[r'-rfcoa€+ 0sin 0)]
r

ALK

On the other hand, we know that:

a o

j°° r' - p a0 = Q 1
° [(r - r')? +<%‘)263]372 Vor!-r

*The convergence of the above 1ndiceted development is in-

gured from boing consistently 1 - cos < i 62 so that in

the most unfavorable nypotnesis the ratio of incremental to
basic term roesults in = r r'(-—) » & ratlo which, as
v

vpointod out olsowhore in tho roport. is considerod < 0.25,.
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therefore we can write synthetically:

“P-Q I—l Vo -7 I
' 2% eoonsas  eE— l
Va Vor = T + 0 (A, r' + B, r ')
T 1 v
1 = ) 1
ve! = l = = + = (A;r +3B rr )I

These expressions are useful for comparing the helical
vortex having the same initial velocity withthose of a
stralght vortex leaving at the same point of the vortex.

These are clearly expressed in the formula

‘1
— -1 T Qr -1 r v
V! = sin (tan™!) — = & -1){T°
8 r' T 4T Vo rt - 4T cos(tan r
>(2)
—_— 1l
vy = cos (tan“l) r
r* - r 4™ Vo
-l

Now we shall show how the calculatlon of coefficlients
A and B nmay be carried out. To compute these integrals
ranging betweon O and o 1t is advisable to divide then
into two parts, in one of which ranging near O and e fi-
nito number sultably selected, we can develop the numerator
in serles of variable 6, while in the other, ranging be-
tweon sald number and infinity, the term

2 Vo 2_3/2 .
(r - 2")2 + ?? can be developed in similar fashion.

In this manner we can return to the calculation of the in-
dicated lntegrals. Otviously, in the above series develop-
ments 1t suffices to consider any appropriate finlto number
of terms.

For example, the terms A; may be approximated at

e® o* o° o
2_ - e = - + [--} 1
Ay =~f2 2 8 128 5760 40 + S 5
° 3 a [a + 08213/,
(a+b 8)7a

d 0 -
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u_z_[fag%ﬁde + f:syé;;@d_ﬂ _

v%a 3
+ = = al/ c08 040+ /8888, 0
2 bala - SRR

after putting
2 . . 7. \3
= = -2
a = (r - ') b (Q )

and aimilariy for the other terms,

Numerical Calculations

Conslder a wing of unit semispan, a given ratio of

%% = 2.5, which uay be considered as a minimum attalnable
practical limit in spinnling, at least, within the range of
valldity of Prandtl!s theory, and visualize a2 vortex leav-
ing at the point of ahscissa r = 1., Ve determine the
values of the above coefflcients for the points on absclsassa
0 and ~ 1 (the calculation of tho coofficlients B for
tho polnt on absclssa O 1is omitted, sinco thoy arc ob-
viously useless, being multiplied by tlie abscissa itself.)

Ye have:

el = ,‘1= 'Bl= Aa= By =
"0 0.05354  —=—we- - - 0.0280 . —m-ee-a
"''21  0.03086  0.00120 - 0.00625 0.00236
The following table showe the corresponding values of
4 o .
Vo' T and vy! ﬁﬁn in comparison with those of equa-
tion (2):
' vt &fﬂ- v, if— error § vf éf- vyt if_ error %
0 + 0.400 + 0,372 + 7 - 0.972 - 0.930 + 4,5
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Since 1t may be assumed that tho porcontago of error
established for the polnt r! = -1 1s a maximum and bo-
sides, since  the closer we appraoch the vértex the error
must of necesslity decroase glsd, wo werc constralned to de-
duce that the substitution of,tho roctilinear for the holi-
coldal vortex does not produce, according to the effects
of this analysels, errors greater than those involved in the
conventional approximation inherent to the nature of the
problem 1tself, .

II. Check on the Negree of Approximation Obtained with
8) cos (tan~1) x = 1 0.2 x = 0.2 3
b) sin (tan~!) x = 1.06 x - 0.35 »®

g cos (ygg:l) x sin (tan-1) x

effeé%f;;rfor a)| error % [effective| for b) |orror ¢

0.1 0.99663 | 0.988 |~ 0.756| 0.09966} 0.1015 + 1,97
0.2 0.98068 ! 0,972 |~ 0,821 0.195812} 0.1960 - 0.06

0.3 0.95782 0,952 |- 0.602| 0,28735} 0.2835 - 1.34

0.4 0.92847 | 0.928 |- 0.060} 0,37139 ) 0,3640 - 1,99
0.5 0.89443 | 0.900 |+ 0.676| 0.,44721 ) 0.4375 - 2.15
0.6 0.85749 | 0,868 1.266| 0.,61449) 0.5040 - 2.04
0.7 0.81949 | 0.832 1,406 0.67364 | 0.5633 - 1,80

0.8 0.78087 | 0.792 1.426| 0.62469 | 0.6160 - 1.39
0.8 0.74329 ) 0.748 0.634]| 0.66896 | 0.6615 - 1l.11
1.0 0.70710| 0,700 |~ 1.005]| 0.70710| 0.7000 - 0,71
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Lift and drag coefficlenis corregponding
to P and R of Fig.2.
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